Recently Latecki and Lak amper (Computer Vision and Image Understanding 73:3, March 1999) reported a novel process for a discrete curve evolution. This process has various application possibilities, in particular, for noise removal and shape simpli cation of boundary curves in digital images.
INTRODUCTION
Latecki and R. Lak amper in Ref. 1 presented a shape similarity measure for object contours. An application of this measure to retrieval of similar objects in a database of object contours is demonstrated in Figure 1 , where the user query is given by a graphical sketch.
Since contours of objects in digital images are distorted due to digitization noise and due to segmentation errors, it is necessary to neglect the distortions while at the same time preserving the perceptual appearance at the level su cient for object recognition. To a c hieve this, the shape of objects is simpli ed by a n o vel discrete curve e v olution method, before the similarity measure is applied. This approach allows us to reduce in uence of noise and to simplify the shape by removing irrelevant shape features without changing relevant shape features.
The robustness of the discrete curve e v olution method with respect to noisy deformations has been veri ed by numerous experiments (e.g., see Ref. 2 or online demos on our web site 3 ). The continuity theorem (Theorem 1 in Section 2) gives a formal justi cation of this fact: if a polygon Q is close to a polygon P, e . g . , Q is a distorted version of P, then the polygons obtained by their evolution remain close. Thus, continuity guarantees us the stability of the discrete curve e v olution with respect to noise.
Moreover, the digital curve e v olution allows us to nd line segments in noisy images, due to the relevance order of the repeated process of linearization (see e.g., Figure 2 ). This fact follows from Theorems 1 and 2, which w e p r o ve in Section 2, since if polygon Q is close to polygon P, then rst all vertices of Q are deleted that are not close to any v ertex of P (Theorem 1), and then, whenever a vertex of P is deleted, then a vertex of Q that is close to it is deleted in the corresponding evolution step of Q (Theorem 2). Therefore, the linear parts of the original polygon will be recovered during the discrete curve e v olution. We assume that a closed polygon P is given. In particular, any boundary curve in a digital image can be regarded as a polygon without loss of information, with possibly a large numberof vertices. We denote the set of vertices of P with V ertices(P) and the set of edges with E d g e s (P ).
The discrete curve evolution produces a sequence of polygons P = P 0 : : : P m such that jV ertices(P m )j 3, where j : j is the cardinality function. The process of the discrete curve e v olution is very simple. The outline of the algorithm is the following.
For every evolution step i = 0 : : : m ; 1:
1. Each v ertex v in P i is assigned a relevance measure K(v P i ). 2. A p o l y g o n P i+1 is obtained after the vertices whose relevance measure is minimal are deleted from P i .
The relevance measure K(v P i ) is de ned below. A few stages of our curve e v olution are illustrated in Figure 3 .
The process of the discrete curve e v olution is guaranteed to terminate, since in every evolution step, the number of vertices decreases by at least one. It is also obvious that this evolution converges to a convex polygon, since the evolution will reach a state where there are exactly three, two, one, or no vertices in P m . Only when the set V ertices(P m ) is empty, w e obtain a degenerated polygon equal to the empty set, which is trivially convex. Thus, we obtain for every relevance measure K Proposition 1. The discrete curve evolution converges to a convex polygon, i.e., there e x i s t s 0 i m such that P i is convex, and if i < m , a l l p olygons P i+1 : : : P m are c onvex. Figure 3 . A few stages of our curve e v olution. The rst contour is a distorted version of the contour on www-site. 4 Now w e g i v e a precise de nition of the discrete curve e v olution.
De nition: Let K min (P i ) = m i n fK(u P i ) : u 2 V ertices(P i )g and V min (P i ) = fu 2 V ertices(P i ) : K(u P i ) = K min (P i )g i.e., V min (P i ) c o n tains the vertices whose relevance measure is minimal in P i for i = 0 : : : m ; 1.
For a given polygon P and a relevance measure K, w e c a l l discrete curve evolution a process that produces a sequence of polygons P = P 0 ::: P m , w h e r e jV e r t i c e s (P m )j 3, such that V e r t i c e s (P i+1 ) = V ertices(P i ) n V min (P i ):
An algorithmic de nition of the discrete curve e v olution is given in Ref. 
where is the turn angle at vertex v in P i , l 1 is the length of vu, and l 2 is the length of vw. (Both lengths are normalized with respect to the total length of polygon P i .) The main property of this relevance measure is the following The higher the value of K(v u w), the larger is the contribution to the shape of the polygon P i of arc vu vu.
A m o t i v ation for this measure and its properties are described in Ref. 5 . Observe that the relevance measure is not a local property with respect to the polygon P, although its computation is local in P i for every vertex v. We p r o ve in Theorem 1 that the discrete curve e v olution is continuous: if polygon Q is close to polygon P, then the polygons obtained by their evolution are close. Moreover, we s h o w that the evolution of Q will correspond to the evolution of P if Q approximates P (Theorem 2). Before we state these theorems, we need a few more de nitions.
De nition: Let p(P) = m i n fd(E v ) : E 2 E d g e s (P ) and v 2 V e r t i c e s (P ) and v 6 2 Eg, i.e., p(P) is the minimal distance from vertices to edges they do not belong. De nition: For every E 2 E d g e s (P ) w e call S t r i p H (E) = B(E H 2 ) = S x2E B(x H 2 ) H-strip of P around E and we denote the set of all strips of P by S t r i p s H (P ) = fS t r i p H (E) : E 2 E d g e s (P )g. Figure 4 shows the set of all strips of P. Observe that if H < p (P ), then the intersection of two non-adjacent H-strips of P is empty.
De nition: For a closed polygon P and for every v 0 2 V ertices(P), there exist exactly two linear orders < P on V ertices(P) = fv 0 v 1 : : : v k+1 = v 0 g such t h a t v 0 < P v 1 < P ::: < P v k+1 = v 0 and v s v s+1 is an edge of P, where xy is the line segment joining point x to y. We denote the set of all such linear orders on V e r t i c e s (P ) b y O P . Clearly, jO P j = 2 jV ertices(P)j.
Clearly, the set V ertices(P) together with one of the linear orders < P uniquely determines E d g e s (P ). Any linear order < P 2 O P can be extended to a linear order on all points of P, i.e., on S E d g e s (P ).
De nition: For any t wo p o i n ts x y in a H-strip S around an edge uv of P, w e s a y that x < S y i (x) < P (y),
where : S ! uv is the metric projection.
De nition: A polygon Q has the same order as polygon P if there exists a function i : V ertices(Q) ! S t r i p s (P ) an order < P 2 O P and an order < Q 2 O Q such t h a t q 2 i(q) f o r a l l q 2 V ertices(Q), q 1 < Q q 2 i (i(q 1 ) < P i(q 2 )) or (i(q 1 ) = i(q 2 ) and q 1 < i(q1) q 2 in H-strip i(q 1 )). 
CONTINUITY OF THE DISCRETE CURVE EVOLUTION
Theorem 1 states that the discrete curve e v olution is continuous. Intuitively, i t s a ys that if polygon Q is su ciently close to a polygon P, then the polygons obtained by t h e e v olution of Q will remain close to P. This will be the case until a stage k of the evolution of Q is reached at which exactly one vertex of Q k is contained in B(w ) f o r e v ery vertex w of P and all other vertices of Q are deleted. Proof: L e t 0 < d and 0 < < d 2 be given. Let H 0 begiven by Theorem 3, below.
Let be determined by Proposition 2, below, for = m i n f H0 Since , 8i 2 f 0 1 : : : k g Q i B(P ) and since at most one v 2 V ertices(Q k ) can be contained in B(w ) for w 2 V e r t i c e s (P ), due to < d 2 , w e obtain Theorem 2 says that if Q k is a su ciently close approximation of P and vertices of Q k correspond to vertices of P, then the discrete curve e v olution of Q k follows the evolution of P. Theorem 2. Let P = P 0 : : : P m be polygons obtained from a polygon P in the course of discrete curve evolution such that P m is the rst convex polygon and all minimal relevance measures are obtained for only one vertex, i.e., jV min (P i )j = 1 for i = 0 ::: m ; 1.
There exists 0 < such that if polygon Q k be ( d)-approximation of P and Proof: L e t P be a polygon with the minimal turn angle and with p = p(P) (see Figure 4 ). Step 1
We r s t s h o w in Lemma 4 (below) that if x is a Type 1 vertex, then x and its direct neighborsy z2 V ertices(Q) are in the same H-strip S of P and x is between y zwith respect to > Q , i.e., either y > Q x > Q z or z > Q x > Q y. This implies that x is between y zwith respect to the order > S of points in H-strip S.
Then we s h o w in Lemma 5 (below) that if three points x y z are in the same H-strip S of P and x is between y zwith respect to > S , then the relevance measure K(x y z) o f zx xy is bounded by a function m 4 of H d. This implies that K(x y z) m 4 (H d) f o r e v ery Type 1 vertex x of Q. Lemma 1. Let y 2 V ertices(Q) and i(y) = S t r i p H (uv), where u v 2 V ertices(P) and v > P u (see Figure 5 ). If b 2 B(v H 2 ) \ V ertices(Q) and y and b are neighbors in Q, t h a n b > Q y.
Proof: L e t S = i(y) a n d uv be the side of P contained in S. Let S v be the line segment of length H perpendicular to uv such t h a t S v is contained in S and v 2 S v (see Figure 5 ). Proof: W e assume that i(x) 6 = i(y). Then i(y) > P i(x) o r i(x) > P i(y), say i(y) > P i(x), which implies y > Q x.
First we s h o w that the intersection i(x) \ i(y) i s n o t e m p t y, i.e., i(x) a n d i(y) are neighbor strips. If this were not the case (see Figure 7(b) ), then there exists z such t h a t i(z) 6 = i(x), i(z) 6 = i(y), i(z) \ i(x) 6 = , and xy \ i(z) is nonempty. Since x is a Type 1 vertex of Q, there exists u 2 i(z) \ i(x) (this intersection is equal to B(v H 2 ) for some v 2 P). If i(u) = i(z), then y > Q u > Q x. If i(u) = i(x), then y > Q u > Q x, b y Lemma 2. Since y > Q u > Q x contradicts the fact that xy is an edge of Q, w e o b t a i n t h a t i(x) a n d i(y) are neighbor strips.
Therefore, there exists v 2 i(x) \ i(y) a v ertex of P and a 2 B(v H 2 ) = i(x) \ i(y) a v ertex of Q (see Figure 7(a) ). By Lemma 2, a > Q x.
Since H < p , B(v H 2 ) does not intersect any strip of P other than i(x) and i(y) If y > a , t h e n y > a > x , which i s i n c o n s t a n t with the fact that y is a direct neighborofx. Lemma 4. Let x be a T ype 1 vertex of Q. If y z2 V e r t i c e s (Q) are di erent neighbors of x then y z2 i(x) and x is between y zwith respect to < Q .
Proof: S i n c e y z2 V ertices(Q) are di erent neighbors of x, clearly, x is between y zwith respect to < Q .
If i(x) = i(y) = i(z), then y z2 i(x) is trivially true. If i(x) 6 = i(y), then y 2 B(v H 2 ) i(x) for some vertex v of P, b y Lemma 3. Consequently y 2 i(x). Similarly, z 2 i(x) i f i(x) 6 = i(z). Lemma 5. Let points x y z be in the same H-strip S of P and x be between y z with respect to > S . Then the relevance m e asure K(x y z) of zx xy is bounded by a function m 4 of H d:
Proof: L e t S y be the maximal line segment c o n tained in S that contains points y and (y). Clearly, the length of S y is H (see Figure 8 (a)). S z is similarly de ned. Since x is between y zwith respect to > S , x lies between S y and S z . Hence, the situation in Figure 8(b) is not possible. Let L be the distance between S y and S z and let R S be the maximal rectangle contained in S with sides S y and S z . We call L the length of R and H the height o f R. Let y 0 z 0 be the endpoints of the side of R which has length L and which is further away f o r m x than the other side of length L (Figure 9(a) ). Since jxz 0 j j xzj, jxy 0 j j xyj, and turn angle y 0 xz 0 is not smaller than turn angle yxz, we obtain K(x y 0 z 0 ) K(x y z), where jabj is the length of the line segment ab. Hence it is su cient to compute the relevance measure for y = y 0 and z = z 0 (Figure 9(b) ).
Let M be the side of length L of R that is di erent from side y 0 z 0 and let x 0 be the metric projection of x on M (Figure 9 
Since 2 x arcsin x, w e obtain Step 2
We s h o w that the relevance measure of a Type 2 vertex is bounded from below. It follows from Lemma 6 that if x is a Type 2 vertex, then either the direct neighbors y z2 V e r t i c e s (Q) of x are in di erent strips or x is not between y zwith respect to > Q . Lemma Let x beTy p e 2 v ertex. Since i(y) i(y) i(z), if y z2 i(y), then y z2 i(y) i(z). Since minimum on a larger set can only be smaller, it is su cient to consider the case in which i(y) 6 = i(y) i(z). Therefore, we assume that i(y) 6 = i(z).
Since we seek an lower bound of K, a n d K is monotone increasing with respect to the length of line segments xy and xz, it is su cient to consider the case in which xy = d and xz = d. For every position of x (a Ty p e 2 v ertex), the turn angle yxzis the smallest if y zlie on the outer boundary of i(y) i(z), see Figure 12 (a). Since K is monotone increasing with respect to the turn angle, we assume that y zlie on the outer boundary of i(y) i(z). ( 2 ) and polygon Q is a ( d )-approximation of P, then Q is a (2 d)-approximation of P for which additionally holds that for every vertex v of P at least one vertex of Q is contained i n B(v ).
